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ABSTRACT
Sutton, Brian M. M.S.E.C.E., Purdue University, December 2013. Quantum Computing with Steady State Spin Currents. Major Professor: Supriyo Datta.
Many approaches to quantum computing use spatially confined qubits in the presence of dynamic fields to perform computation. These approaches are contrasted with
proposals using mobile qubits in the presence of static fields. In this thesis, steady
state quantum computing using mobile electrons is explored using numerical modeling. Firstly, a foundational introduction to the case of spatially confined qubits
embodied via quantum dots is provided. A collection of universal gates implemented
with dynamic fields is described using simulations. These gates are combined to implement a five-qubit Grover search to provide further insight on the time-dependent
field approach. Secondly, the quantum dot description is contrasted with quantum
computing using steady state spin currents. Leveraging the Non-Equilibrium Greens
Function formalism to perform numerical simulations, the quantum aspects of steady
state spin currents are explored by revisiting the Stern-Gerlach experiment using spinpolarized contacts on a one-dimensional channel. After demonstrating the quantum
nature of mobile electrons at steady state, arbitrary single qubit operations using
static fields are explored. The model is further extended to incorporate two-qubit in√
teractions to realize the SWAP gate. The two-qubit CNOT gate is used to prepare
a Bell state, which is read via quantum state tomography. Finally, Grover’s search
is revisited to explore the performance benefits of steady state quantum computing.
The described multi-particle model is applicable to mobile qubit quantum computing proposals leveraging synchronized electron transport in static fields to perform
quantum computing.
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1. INTRODUCTION
Mobile electrons in the form of steady-state spin currents can be harnessed to realize
a computationally powerful quantum computer with remarkable properties. While
powerful, much of solid state quantum computing is based on stationary electrons
confined to quantum dots. These two approaches to solid state quantum computing
can be classified by their use of stationary or mobile electrons to perform computation.
In this thesis, an introduction to quantum computing using quantum dots with
stationary electrons is provided with the aid of a simulation tool on nanoHUB.org.
This transient quantum dot approach is then contrasted with steady-state quantum
computing using a numerical simulation model based on the Non-Equilibrium Green’s
Function (NEGF) formalism.

1.1

Historical Context
Quantum computing has its roots in a presentation given by Feynman in the

early 1980s on the use of classical computation to describe quantum systems [1].
The exponential growth of Hamiltonians in the size of the system and the necessity
of approximations to account for the probabilistic nature of reality are significant
limitations of classical simulations. These obstacles led Feynman to posit the use of a
quantum computer to perform efficient and accurate simulations of physical systems.
Over the ensuing years, the notion of using quantum phenomena to perform simulations and computations has led to the burgeoning field of quantum computing.
The classical and quantum computational models were connected with the universal
quantum Turing machines introduced by Deutsch and subsequently tied to a quantum
circuit model [2] [3]. Within the familiar framework of a circuit model, collections of
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elementary gates sufficient to provide universal quantum computing were formulated
using one-bit quantum gates and the two-bit exclusive-or gate [4].
In conjunction with the circuit model development, the power of quantum computing became readily apparent with the seminal works of Shor [5] and Grover [6].
Shor provided an efficient solution of the discrete logarithm problem using the power
of quantum computing. A physical realization of the solution would severely weaken
much of modern public-key cryptography used to provide secure communications. In
the context of an unstructured search space, Grover provided a means to find a desired
element more efficiently than any known classical algorithm. These are two, of many,
quantum algorithms capable of solving computational problems more efficiently than
their classical counterparts.
Pragmatism then sparked the broad effort to find a physical realization of a quantum computer capable of executing these algorithms. There are a diverse array of
approaches being pursued to obtain a viable physical solution. These approaches
serve to satisfy a collection of common objectives suggested DiVincenzo that must be
satisfied in any physical realization of a quantum computer [7]:
1. A scalable physical system with well characterized qubits
2. The ability to initialize the state of the qubits to a simple fiducial state
3. Long relevant decoherence times, much longer than the gate operation time
4. A universal set of quantum gates
5. A qubit-specific measurement capability
Though there are many approaches being pursued to create a physical realization in
satisfaction of these criteria, herein the focus will be on the use of solid state devices
with specific focus on stationary electrons on quantum dots and mobile electrons in
quantum wires.

3
1.2

Transient vs. Steady State Quantum Computing
Quantum dot quantum computing shows promise as a candidate for scalable and

robust solid-state computation [8] [9]. A simple embodiment of the approach is the
confinement of electrons in quantum dots, Fig. 1.1, along with coherent manipulations of their spin degrees of freedom and entanglement through electron-electron
interactions. In practice, the implementation details of these approaches are as involved as they are diverse. Many physical implementations have been suggested in a
number of structures such as graphene [10] and silicon [11] with experimental success
using phosphor donors [12].

Fig. 1.1. Qualitative Depiction of a Quantum Dot Confined Electron

Manipulations on quantum dots involve stationary electrons and dynamic fields to
perform time-evolved computation. This time-evolution limits the number of repeated
experiments that can occur within a fixed duration and thus its performance. One
method of increasing the number of experiments performed in this fixed duration is
to eliminate the fixed spatial dependence of the operations.
It has been suggested that quantum computing can be performed with the use
of mobile electrons and quantum wires [13] [14] [15]. One suggested approach is the
use surface acoustic waves to trap quantum-dot confined electrons in a wave trough
subjecting the electrons to localized and coupled manipulations to perform quantum
computing. In the context of solid state devices, a proposal leveraging the use of
an electron’s spin was further suggested which leverages quantum wires [16] [17], see
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Fig. 1.2. Mobile Electron Quantum Computing

Fig. 1.2. Experimental progress towards the use of such ‘flying qubits’ is also being
actively pursued [18].
The use of mobile electrons for computing has many potential benefits such as
the hypothesized mitigations for decoherence that arise as a result of rapid repeated
measurements [14].

1.3

Contributions
As an aid in understanding transient quantum computing, a model describing the

nature of time-evolved quantum computing with quantum dots is provided. Stationary quantum dot modeling is accomplished with a simple multi-particle Hamiltonian
for pedagogical purposes. The simulation tool, QuDoSim, is openly available on
nanoHUB.org [19]. Shown in Fig. 1.3 is an example of a two qubit SWAP gate
simulated using the tool.
The simulation of transient quantum computing was introduced to help convey
the unique traits of steady state quantum computing. The NEGF formalism is used
to model and describe the interaction between synchronized electrons on neighboring

5

Fig. 1.3. QuDoSim

quantum wires. A similar approach has been used to analytically demonstrate the
viability of measuring entanglement using stationary current-voltage characteristics
[20]. Here, the approach is used to construct single and two-qubit operations with
the use of magnetic fields and exchange interactions between neighboring quantum
wires with the spin of a mobile electron as the qubit. With the use of spin-polarized
contacts, quantum state tomography to observe bell states created with the coupled
wires is then presented. This SSQC framework is provided as an accessible means to
understand and investigate mobile electron quantum computing schemes.

1.4

Outline
This thesis will begin with a review of background information necessary to un-

derstand the aspects of quantum computing pertinent to the forthcoming discussion.
These concepts are then reinforced with a description of the simulation framework
used to visualize quantum operations in the context of quantum dots and time-based

6
quantum computing. Finally, mobile electron quantum computing with a focus on
the use of steady-state spin currents and associated modeling using the NEGF formalism is presented. Steady state spin current measurements will be discussed in the
context of their computational performance benefits leveraging Grover’s search.
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2. QUANTUM COMPUTING PRIMER
There are numerous excellent introductions and discussions on the topic of quantum
computing [21] [22]. This chapter is not intended to replace these sources but rather
to provide context pertinent to the material discussed herein and to act as a primer
on quantum computing, based in part on these sources. The chapter will begin with
a presentation of the notation and the mathematical concepts used in the thesis. This
is followed with an introduction to qubits and a set of universal gates realized using
single and two qubit operations.

2.1

Notation and Mathematical Framework

2.1.1

Relevant linear algebra

Linear algebra is of fundamental importance to the discussion of quantum mechanics. Here, a collection of fundamental concepts are provided for reference.
A column vector, v, in Dirac notation is represented by the ket |vi. The conjugate
transpose of |vi is represented by the bra hv|. Every vector |vi can be written as a
combination of basis vectors |vi i
|ψi =

X
i

ai |vi i

(2.1)

These basis vectors form a vector space V .
The inner product between two vectors |vi and |wi is defined by
hv|wi =

X

a∗i bi

i

Vectors are orthogonal if hv|wi = 0. A vector is orthonormal if for all vectors in a
set, hi|ji = δij . It is often beneficial to choose an orthonormal collection of vectors to
act as a basis set.
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A linear operator between two vector spaces is any function such that
A|vi =

X
i

ai A|vi i

An operator is Hermitian if it is equal to its conjugate transpose H † = H. Furthermore, an operator is unitary if U U † = U † U = I. An eigenvector of a linear operator
A is a vector |vi such that A|vi = λ|vi where λ is an eigenvalue of A.
The tensor product between two vectors from a vector space V and W of dimensions n and m respectively is an mn dimensional vector. The tensor product can be
written as:
|vi ⊗ |wi = |vi|wi = |vwi
As an example consider:




ac




 ad 
a
c

 ⊗ =


 bc 
b
d


bd








This collection of properties obtained from linear algebra are useful to the discussion of quantum mechanics and quantum computing.

2.1.2

The postulates of quantum mechanics

The following postulates of quantum mechanics are of importance for quantum
computing. These postulates are stated with little expansion as there are other references that clearly cover the topic [21].
1. Any closed quantum mechanical system is described by a complex vector space
with an inner product, otherwise known as a Hilbert space. The system is
described by a state vector from this space: |ψi.
2. Evolution of a closed system is governed by a unitary transformation U
i

|ψ(t1 )i = e− h̄ H(t1 −t0 ) |ψ(t0 )i = U (t1 , t0 )|ψ(t0 )i

(2.2)
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3. Measurements are described by a collection of measurement operators {Mm }

†
where the probability of obtaining outcome m is given by p(m) = hψ|Mm
Mm |ψi

and the state of the system after the measurement is
|ψ 0 i = q

Mm |ψi

(2.3)

†
hψ|Mm
Mm |ψi

4. The state space of a composite system is given by the tensor product of the
constituent states
|ψ 0 i = |ψ1 i ⊗ |ψ2 i ⊗ · · · ⊗ |ψn i = |ψ1 ψ2 · · · ψn i

(2.4)

Armed with these postulates, a description of qubits, single and two qubit gates, and
the circuit model of quantum computing can now unfold.

2.2

Qubits
In classical computing, the fundamental unit of information is the bit. A bit may

take on the discrete value ‘0’ or ‘1’. In a typical digital system, a ‘1’, or logic high,
is represented by the presence of a voltage and a ‘0’ by the lack of a voltage, a logic
low.
Fundamental to the discussion of quantum computing is the notion of a qubit.
This object is distinct from a classical bit in a number of ways. A qubit is an abstract
mathematical construct that can be used to represent two-state quantum systems. A
qubit can be defined with two orthonormal basis states identified as |0i and |1i. Each
qubit is a unit vector in a two-dimensional complex vector space spanned by these
basis states.
ψi = α|0i + β|1i

(2.5)

The coefficients α and β are complex values whose squared amplitudes yield the
probabilities of obtaining |0i and |1i respectively. Any linear combination of the two
basis vectors is a valid qubit subject to the requirement that |α|2 + |β|2 = 1.
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Fig. 2.1. Bloch Sphere [23]

The form of the qubit leads to a natural graphical visualization on a unit sphere
known as the Bloch sphere, Fig. 2.1. Leveraging the constraint that |α|2 + |β|2 = 1
the qubit may be written in the following form [21]:
  
  
θ
θ
iα
iφ
|ψi = e
|0i + e sin
|1i
cos
2
2

(2.6)

It is valuable to note that the global phase factor eiα is unobservable.

2.3

Circuit Model Quantum Computing
In classical computing, any given bit may be operated on with the use of boolean

circuits. In the case of a single bit, the only boolean operator supported is the logical
NOT given by NOT(0) = 1 and NOT(1) = 0.
Multiple individual bits may be aggregated to form registers. For instance, a byte
may be defined as the aggregation of eight classical bits. There exist many multi-bit
gates that perform various boolean operations such as the logical AND, OR, XOR,
and so forth. Additionally, there are a class of gates that are universal and can be
used to generate all possible logical boolean operations, such as the NOR gate. These
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gates can be arranged to form circuits to perform boolean operations and higher-order
functions such as addition and multiplication.
In an analogous manner, the circuit model of quantum computing operates on
qubits with single qubit and multi-qubit gates. A universal set of gates sufficient to
perform any arbitrary unitary transformation can be constructued by using arbitrary
single-qubit rotations and certain universal two qubit gates such as the CNOT or
√
SWAP [4].
The behavior of single qubit and two qubit operations will be explored in the
following sections with the understanding that arbitrary quantum circuits can be
constructed using these building blocks.

2.3.1

Single qubit operations

Given a single qubit specified by |ψi = α|0i + β|1i over the vector space spanned
by {|0i, |1i}, single qubit operations are defined by the collection of unitary 2 × 2
matrices on this vector space. These matrices preserve the normalization requirement
of a qubit, |α|2 + |β|2 = 1.
A collection of some of the most common single qubit gates are shown in Table
2.1. As an example, consider the X gate. This gate is defined by its operation on the
basis vectors, X|0i = |1i and X|1i = |0i. Essentially this operation exchanges the
|0i and |1i components of the qubit, X|ψi = X(α|0i + β|1i) = β|0i + α|1i.
In general, these unitary operations can be viewed as rotations on the Bloch sphere
through an angle θ about an axis n̂ up to an overall global phase and may furthermore
be written as a combination of rotations about two non-parallel axis [21].
U = eiα Rn̂ (θ)

(2.7)

U = eiα Rn̂ (β)Rm̂ (γ)Rn̂ (δ)

(2.8)

This global phase, as stated earlier, is unobservable and for clarity of presentation
will be dropped in subsequent rotation expressions. These relationships reveal that
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with any two non-parallel unit vectors, such as two orthogonal axis, arbitrary single
qubit unitary operations can be performed.

Table 2.1
Common single qubit gates, their unitary matrices, and circuit symbols.

Gate

Unitary Matrix



0 1

Pauli-X





1 0

i




π/8


1

1 −1







1

1 0
0 i

Z





Phase





0

1

Y



0 −1


√1
2



0

1

Pauli-Z

X



0 −i

Pauli-Y

Hadamard



Circuit Symbol



H



S



0

0 eiπ/4




T
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2.3.2

Two qubit gates

Two-qubit gates are the collection of 4 × 4 unitary matrices which operate on the
composite systems of two qubits:
U |Ψi = U (|x0 i ⊗ |x1 i) = U |x0 x1 i

(2.9)

There are a wide range a possible two qubit gates. Consider for instance the two
qubit gate that negates each qubit:


0 0


 0 0
X ⊗X =

 0 1

1 0

0 1





1 0 


0 0 

0 0

(2.10)

In this case, the gate is the composition of the two single qubit X operators. Though
there are many general forms of two-qubit unitary operators, the desire is to have a
universal two-qubit gate.
Universal quantum computing requires a universal two-qubit gate along with arbitrary single qubit gates. With this collection, any arbitrary unitary matrix can be
constructed. One prevalent universal two-qubit gate is the controlled-not shown in
Fig 2.2.

|x0 i

•

|x1 i

X

Fig. 2.2. Controlled Not

This gate operates by using a control qubit, in this case |x0 i, to selectively negate
the target qubit, |x1 i. The operation of this gate on the basis vectors is defined as:
CNOT(|x0 i ⊗ |x1 i) → |x0 i ⊗ |x0 ⊕ x1 i

(2.11)
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This can be seen in another form by considering the 4 × 4 matrix for the CNOT:


1 0 0 0




 0 1 0 0 

CNOT = 
(2.12)


 0 0 0 1 


0 0 1 0
In this form, it is clearly seen that the first two basis vectors, |00i = [1 0 0 0]T

and |01i = [0 1 0 0]T , are left unchanged by the operator and the final two basis
vectors, |10i = [0 0 1 0]T and |11i = [0 0 0 1]T , are exchanged.

There are other two-qubit universal gates that can be used to form a universal
√
set, one of which will be exemplified in the following chapters, the SWAP [8].
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3. TRANSIENT QUANTUM COMPUTING
With the broad range of approaches being pursued to realize a physical implementation of a quantum computer there are an equally broad number of ways to convey
”what” quantum computing is. Every student of quantum computing has a background that will likely resonant with one or more the approaches being pursued.
From the perspective of solid-state devices, perhaps one of the simplest conceptual
pictures is the control of electrons confined to hydrogenic potentials.
As a student of quantum computing, and believing in the notion that the best
way to learn material is to teach, a simulation framework was developed in which
fundamental concepts of quantum computing could be demonstrated. This framework
uses quantum dots to portray single and two qubit unitary operations along with an
introductory example of a Grover search.
The simulator focuses on the use of visualization techniques to convey the quantum
information and operations. These visualization aids are only beneficial if they are
accessible to students. To this end, the simulator was developed as a tool on the
nanoHUB open grid simulation framework [19]. Using nanoHUB, the simulator and
visualization methods are openly available to the public so that others may use it as
an aid in their education.
This chapter will describe quantum computing operations with the aid of the
simulator. First, the simulator will be describe along with the visualization aids it
provides. This is followed with a description of single and two qubit operations using
quantum dots. Finally, an implementation of a Grover search for 5-input qubits is
presented. Parts of this section are based on a term paper by the author [24].
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3.1

Simulation Framework
The simulator, QuDoSim, follows a standard usage model: obtaining user input,

performing the simulation, and visualizing the results.
The user input is provided via a graphical interface and allows for the selection of
simulation types and sub-specification of parameterization. As an example, it is possible to request simulation of single qubit operations along with the sub-specification
of the gate type, simulation step fidelity, and visualization options.
After obtaining the requested paramters, a MATLAB R executable performs the
simluation using the specified fidelity to determine the number of time steps in the
simulation. The simulator pools the collected simulation results based on the user
requested output and provides them upon completion.
There are a number of visualization methods that can be used to convey the operational information. Density matrices are represented on bloch spheres, probability
amplitudes are shown during operation, two-qubit entanglement is computed and
plotted, and geometric portraits of the Grover search are all used as visual displays.
The engine used to perform the computation is based on simple analytical expressions for single and two-qubit operations on quantum dots. All complex circuits and
gates are composed of combinations of these universal operations.

3.2

Quantum Dot Quantum Computing Operations

3.2.1

Single qubit possibilities

Imagine a single electron confined to a quantum dot with the spin of the electron
acting as the qubit. Along with this quantum dot imagine a localized magnetic field,
of arbitrary direction, indicent upon the electron. It is well known that in the presence
of a magnetic field, an electron’s Hamiltonian is described by:

H = µB B(~n · ~σ )

(3.1)
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where ~n is the direction of the magnetic field, B is the magnitude of the field in this
direction, and ~σ = {σx , σy , σz } with σi representing the Pauli matrices:
h
i
σx = 0 1; 1 0
h
i
σy = 0 i; −i 0
h
i
σz = 1 0; 0 −1

(3.2)
(3.3)
(3.4)

From this Hamiltonian, the evoluation of the electron spin, represented by a spinnor
|ψ(t)i = {u, d} is goverened by:
i

|ψ(t)i = U |ψ(0)i = e− h̄ µb B(~n·~σ)t |ψ(0)i

(3.5)

As you will recall, any single qubit unitary transformation is effectively a rotation
on the Bloch sphere about some axis ~n through an angle θ. This rotation is represented
by a rotation operator R:
i

R(~n, θ) = e− 2 θ(~n·~σ)

(3.6)

Fig. 3.1. Shown in the figure is the result of using a magnetic field in the
x-direction to realize a θ = π rotation about the x-axis. This rotation is
an implementation of the X gate with the specific example of transforming
|0i to |1i.

Remarkably, the form of Eq. (3.5) is a close parallel of this rotation operator.
Thus, time evolution of an electron’s spin in the presence of a magnetic field can be
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Table 3.1
The table below shows a collection of single qubit gates as rotations using
two orthogonal axes. These rotations can be realized using magnetic fields.
√

X

RX~ (π)

X

RX~ (π/2)

H

RX~ (π/2)RZ~ (π/2)RX~ (π/2)

Z

RZ~ (π)

T

RZ~ (π/4)

T†

RZ~ (−π/4)

S

RZ~ (π/4)RZ~ (π/4)

S†

RZ~ (−π/4)RZ~ (−π/4)

viewed as a rotation on the Bloch sphere, Fig. 3.1. Given a controllable magnetic
field in the direction of the axis of rotation, the time required to realize a rotation
can be found:
t=

h̄ θ
2 µB B

(3.7)

In practice it is cumbersome to generate a magnetic field in an arbitrary direction.
As mentioned earlier, with just two distinct directions it is possible to create any
arbitrary rotation. Table 3.1 provides a collection of rotations with which single qubit
gates can be realized using magnetic field rotations about the x and z directions.
This section presents a simple picture of how single qubit gates can be implemented
using the spin of a confined electron on a quantum dot. While this is of fundamental
importance in the realization of a quantum computer, it is only a piece of the puzzle.
√
At least one two qubit universal operation such as the SWAP or CNOT must be
found.

3.2.2

Two qubit possibilities

In the single qubit example using an electron’s spin as the qubit, a single electron
confined to an individual quantum dot was visualized. By necessity for coupled
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qubit operations two qubits are needed. Shown in Fig. 3.2 are two qubits each
localized to a confining potential well separated by a controllable barrier height. While
this is a conceptual depiction, there are interesting avenues being pursued to realize
coupled quantum dots in materials such as graphene [10]. When two electrons are in

Fig. 3.2. Two electrons confined to localized potential wells are separated
via a potential barrier. Based on the barrier height and electron separation, the exchange coupling between the electrons can be modulated.
This exchange coupling as a result
of wavefunction overlap can be used to
√
realize a universal two-qubit SWAP gate.

a configuration as depicted the system can be described by the following Hamiltonian:
H = J(t)S~1 · S~2

(3.8)

where J(t) is the magnitude of the exchange coupling between the dots and S~i =
S~x , S~y , S~z with Si = (1/2)σi .
The exchange coupling is a result of overlap of the electron wave functions and the
Pauli-exclusion principle. The coupling can be modulated by adjusting the height of
the potential barrier between the electrons [9]. Writing the coupling as a function of
time J(t) is meant to convey that this parameter can be controlled dynamically by
adjusting gate potentials.
The form of the unitary operator based on this Hamiltonian can be written as:
i

~ ~

U = e− h̄ J(t)S1 ·S2 t

(3.9)
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|x2 i
|x1 i

√
H

Z
SWAP

√

S
SWAP

S†

H

√
Fig. 3.3. The SWAP gate is sufficient along with single qubit gates to
construct any circuit. Shown is a method to construct
√ the CNOT gate
using Hadamards, Z, and phase gates along with the SWAP [25].

As shown by Loss and Divincenzo [8], if Jt/h̄ = π then the unitary operation is
equivalent to a SWAP:

1


0
SW AP = 

0

0

0 0
0 1
1 0
0 0


0


0


0

1

(3.10)

Performing the unitary evolution for half the time necessary to realize a SWAP is
√
equivalent to performing a SWAP operation. This operation is universal and can
be used along with arbitary single qubit rotations to implement any quantum circuit
such as the CNOT shown in Fig. 3.3 [25]
Having now established the necessary toolkit to implement any quantum circuit
√
presuming the SWAP on arbitrary pairs of qubits and single qubit operations on
individual qubits can be performed. This simple portrayal of the gates for universal
computing glosses over the practical details behind an implementation, e.g. initialization, readout, moving qubits, errors etc., and is intended to convey the conceptual
picture of quantum gate evolution.

3.3

Grover’s Search
In addition to single and two qubit operations, a quantum algorithm, Grover’s

Search, was added to the simulation framework to further explore practical quantum
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computing applications. Grover’s Search [6] is a well known quantum search algorithm
√
capable of sifting through an unsorted database in O( N ) where N is the number of
elements in the database. Classically, searching through an unsorted database may
require looking through all N entries before identifying the correct element.
The search leverages a quantum oracle which can recognize the solutions to the
search problem and shift the phase of the identified solution. With a quantum oracle
specified or provided, the algorithm proceeds as follows [21]:
1. Prepare the initial state of the system with n representing the number of input
qubits:
|ψi =

n −1
2X

x=0



|0i + |1i |0i − |1i
√
√
2n
2

2. Apply a Grover iteration composed of the operation W V with |αi representing
the non-solution basis vector(s). Here, V represents the quantum oracle which
will shift the phase of the solution vectors |βi.
V = I − 2|αihα|
W = 2|ψihψ| − I
√
3. Repeat the application of the Grover iteration until approximately π 2n /4 have
been applied
4. Measure the first n qubits to obtain the answer with high probability
The circuit for the algorithm is shown in Fig. 3.4 with the element G representing a
Grover iteration.
Searches with practical applicability will require a significant number of qubits to
perform the operation. As there is exponential computational growth in the number
of qubits, a simulation was created to use five input qubits to limit the computation
time. The 5 input qubit search leverages 4 additional qubits to complete the operation
comprising 3 additional ancillary qubits and 1 output qubit.
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|xn i = |0i

H ⊗n
G

|yi = |1i

G

···

G

H

Fig. 3.4. This figure depicts the high-level operations necessary to perform
a Grover Search. The input states are prepared in superposition states
prior to subsequent Grover iterations.

The first sub-circuit necessary to perform a Grover iteration is the V operation,
V = I − 2|αihα|. V is the quantum oracle and will flip the phase of the target
element(s). Let us define f (x) as f (x) = 1 iff x = a with a being the target element,
otherwise f (x) = 0.
|xi|yi →V |xi|y ⊕ f (x)i
|xi|yi →V (−1)f (x) |xi|yi

(3.11)

The selective global phase based on the result of the oracle uses the initialization
state of |yi and the following property:
!
!
1
1
X √ (|0i − |1i) = − √ (|0i − |1i)
2
2
For the simulation, the circuit shown in Fig. 3.5(a) was used as an oracle that
will flip only the phase of element |7i leveraging the two-qubit CNOT gates known
as Toffoli gates.
After performing the selective phase flip, the W operation is needed to complete
a Grover iteration. A straight-forward circuit can be identified by re-writing W in
the following form:
W = 2|φihφ| − I = H ⊗n (2|0ih0| − I) H ⊗n
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⊕ • ⊕

|a2 i = |0i

⊕ •

|a1 i = |0i

⊕ •

|a0 i = |0i
|x4 i
|x3 i
|x2 i
|x1 i

|a2 i = |0i

• ⊕

X

•

•

X

X

•

•

X

•

⊕

|a0 i = |0i

•
•

⊕

|a1 i = |0i

• ⊕

•

•

⊕
•

⊕

|x4 i

H

X

•

•

X

H

|x3 i

H

X

•

•

X

H

|x2 i

H

X

X

H

|x1 i

H

X

•

X

H

H

X

⊕ H

X

H

|x0 i

•

|x0 i

|yi

⊕

|yi

(a) V

•

•

H

•

(b) W

Fig. 3.5. 5-Qubit Grover iteration circuits used to identify element ’7’

where |φi is the superposition (1/2n/2 )

P
(|0i + |1i). The operator in the middle flips

the phase of every computational state except |0i. Using the operator Z which takes
|0i to |0i and |1i to −|1i, a circuit for W can be specified as shown in Fig. 3.5(b)
with Z implemented as a CNOT with two Hadamards. These circuits follow naturally
from the presentation given by Mermin [22].

3.3.1

Visualization

Grover’s search can be intuitively understood when analyzed from a geometric
perspective. Each oracle application reflects the vector |ψi about |αi followed by
another reflection about the original vector |ψi. These two reflections act as a rotation
of the state vector through an angle θ towards the solution |βi.
The simulation of Grover’s search for the five input qubit search was performed
and plotted on the plane spanned by |αi and |βi as shown in Fig. 3.6.
√
The initial state |Ψ0 i is rotated 4, ≈ 25 , times to arrive at the final solution. As
can be seen, after application of the oracle operator the state V |Ψ0 i is plotted in green
and can be seen as a reflection about the vector of non-solutions |αi. After completing
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Grover Search with 5 Inputs
W V |Ψ3 i

1

W V |Ψ2 i
W V |Ψ1 i
W V |Ψ0 i
θ = 20.36◦

|βi

θ = 10.18◦

|Ψ0 i

0

V |Ψ0 i

V |Ψ1 i

|Ψi i = W V |Ψi−1 i
V |Ψ2 i
−1

V |Ψ3 i

0

1

|αi

Fig. 3.6. Rotations necessary to perform a 5-qubit grover search.

a single iteration with the application of W , the vector V |Ψ0 i is again reflected, this
time about the original vector |Ψ0 i to the location designated by |Ψ1 i = W V |Ψ0 i.
As observed, this iteration resulted in a rotation through an angle θ ≈ 20◦ towards
the solution vector |βi.
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4. STEADY-STATE QUANTUM COMPUTING
Qubits described thus far have been viewed as stationary electrons confined to quantum dots during during time-evolved unitary manipulations. Consider the single
qubit state |ψi = α|0i + β|1i, where |0i ≡ | ↑i and |1i ≡ | ↓i, evolving under unitary
evolution on a quantum dot as portrayed on the right-hand side of Fig. 4.1. The
stationary electron’s spin-up measurement probability evolves with time while the
position of the electron remains fixed.
An alternative perspective to that of the stationary electron was introduced by
treating the unitary operations as fixed in space with mobile electrons, ”flying qubits”,
passing through these regions [14] [15] [16]. As shown on the left of Fig. 4.1, the spinup measurement probability of a mobile electron in a 1D channel varies as a function
of position as it is manipulated by static fields applied in pre-defined regions of space.

Fig. 4.1. An electron-spin qubit described by |ψi = α|0i+β|1i is shown as
a mobile qubit in a 1D channel on the left and as a stationary qubit confined to a quantum dot on the right. Mobile electrons traversing through
a system act as the qubits in steady-state quantum computing.
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The prospect of using mobile electrons in solid state devices under steady-state
conditions enables potentially significant operational benefits. As electrons are continually injected and removed from the system, a large number of “experiments” occur
each second thereby providing insight into the quantum state of the system, a state
which is inaccessible on the scale of a singular qubit.
A description of quantum computing using steady-state spin currents will be presented to aid in understanding the approach and to obtain further insight into the
implications of a realized implementation. Modeling of steady-state quantum computing (SSQC) will be accomplished with the use of the Non-Equilibrium Green’s
Function (NEGF) formalism for one-dimensional systems as described in [26].
This chapter will begin by first describing spin-polarized transport in quantum
wires in the context of the well known Stern-Gerlach experiment. This experiment
will be revisited to observe mobile electrons acting as spin-qubits along with their
initialization and read-out.
Single qubit operations on a one-dimensional wire along with the two-qubit interactions necessary for universal quantum computing are then described. The two-qubit
interactions will be discussed in the context of localized impurities interacting with
one-dimensional channels and the extensions of the model necessary to incorporate
these effects. These extensions serve as a natural vehicle to demonstrate a steadystate CNOT operation using synchronized electrons entering the respective quantum
wires.
After establishing the necessary constituents for SSQC, Grover’s search will be
revisited to convey the power of both quantum computing and a steady-state environment with many repeated measurements. Finally, additional consideration is
given to some of the effects imposed on these systems by our non-ideal world.
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4.1

Steady-State Quantum Effects

4.1.1

Stern-Gerlach revisited

A natural, though perhaps well understood, question that must be answered when
considering the use of steady state currents for quantum computing is whether the
system exhibits quantum behavior. It is possible to demonstrate quantum effects for
SSQC by implementing the traditional Stern-Gerlach(SG) experiment with spin-1/2
particles in a conductor with spin-polarized contacts. The setup for such an approach
is depicted in Fig. 4.2.
Consider the well known-embodiment of the experiment in which un-polarized
“charge-free” electrons are emitted from a source and split via an inhomogeneous
magnetic field. It was observed that the electrons are governed by a quantized angular
momentum either parallel(up) or anti-parallel(down) to the applied field. The path
taken by the down electron spins could then be blocked such that all incident particles
are absorbed resulting in only up electrons leaving the first SG apparatus.
The setup of this experiment is depicted in Figure 4.2(a) as presented by Feynman
[27]. Electrons are emitted from an unpolarized source and z-up angular momentum
electrons are selected through a filter. Subsequently, the x-up component of the z-up
filtered electrons is further selected through the use of a second filter. At this point
only electrons with a definite z-up component and a definite x-up component should
have made it through the two filters as argued in classical thinking. With a third
SG apparatus, the z-down component is selected and remarkably electrons make it
through the filter. This is the unique effect of quantum mechanical measurement.
This same effect can be demonstrated using steady-state spin currents. Consider a
one-dimensional conductor with an un-polarized source contact on the left and three
perfect half-metallic, i.e. only spin-up or spin-down, contacts which select spins in
an analogous manner to the beam of electrons variant just described, seen in Figure
4.2(b). A single electron entering the channel in an unpolarized state encountering
the first contact will be swept out of the channel half of the time and the other half
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(a)

(b)

(c)

Fig. 4.2. (a) The traditional SG experiment as presented by Feynman [27]
using a beam of electrons sent through an inhomogeneous magnetic field
that splits the electrons by their spin. The measurement in this scenario
is accomplished through termination of one spin type as depicted. As
the electrons propagate from left to right their transmission probability
is determined based the statistics of quantum measurement. (b) The
SG experiment is translated into a one-dimensional system modeled with
the NEGF approach using spin-polarized magnetic contacts. If classical behavior is expected, such that the electrons have a definite angular
momentum in a specific direction, then the transmission probability of
leaving the channel on the right should have been zero and transmission
into the third contact should have been 0.25. (c) The density matrix for
the electron after each measurement operation is presented along with the
corresponding measurement operators.

it will continue along the channel. This can be seen by looking at the density matrix
of the unpolarized electron in the z-basis:






1 1 0  1 1 0  1 0 0 
=
+
ρ= 
2 0 1
2 0 0
2 0 1

(4.1)
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After measurement, the selected electrons in the channel are in a definite direction,
z-up, when they next encounter the x-down polarized contact. As the spinor state is
orthogonal to the x-axis, a quantum measurement will result in the electron continuing
down the channel half of the time:





1 0
 |XihX| = 1
p = Tr |XihX| 
2
0 0

(4.2)

Finally, the electrons that have been selected (with probability 1/4) encounter
a third half-metallic contact that selects z-up electrons. The quantum behavior is
observed by noting that the transmission into the contact is with probability 1/8
instead of 1/4 and the probability of transmitting a z-down electron past the contact
is non-zero. Ultimately, 1/8 of all incident electrons from an unpolarized source will
make it past the three channel contacts in an ideal environment.

Stern-Gerlach meets NEGF
The steady-state SG experiment was described by following the spin of a single
electron as it moved through a confining channel. As the current is increased in the
channel the spin density represents the aggregation of many individual qubits passing through the channel, essentially many repeated “experiments”. These repeated
experiments can be modeled using a one-electron NEGF framework for a 1D channel.
The following NEGF presentation is based largely on the approach described in [26].
Consider a one-dimensional quantum wire with a dispersion relationship of E(k) =
ε + 2t cos ka. The Hamiltonian for such a system can be modeled using the finite
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difference method on a discrete lattice as shown in Fig. 4.3. The Hamiltonian for
such a system is then given by:



0



.. 
.
0 ε

0
t


†

.
.
H = t
.
0
ε
0



.. 
.
 0 t† 0

ε


.. .. .. ..
.
.
.
.
0
ε

0

t

0

(4.3)

where the tri-diagonal 2x2 elements correspond to the on-site spinor Hamiltonian
down the main diagonal and the hoping matrices between neighboring sites on the
off-diagonals. Here t = −h̄2 /(2m∗ a2 ) and ε = −2t with a representing the lattice
spacing.
The contacts to the channel are described by the self-energy matrices Σi of equivalent dimension to the Hamiltonian. The contacts are large structures of semi-infinite
length. In general, the contact self energies are determined using the contact surface
Green’s function, g, found in a self-consistent fashion with τ representing the coupling Hamiltonian between the contact and channel, Σi = τi gi τi† . For the 1D case,
the semi-infinite lead connections simply consist of adding the following self-energy
term to the Hnn element of the Hamiltonian at the points of contact:
 h
i
1
ika
I + ~σ · P~
Σnn = te
2

(4.4)

where ~σ · P~ = {σx , σy , σz } · {Px , Py , Pz } represents the direction and degree of contact
magnetic polarization. The σi terms are the well-known Pauli matrices. The addition
of this term to the Hamiltonian represents the outgoing waves into the respective
contacts.
Using the channel Hamiltonian and contact self-energies, the Green’s function of
the system can be described:
G = [EI − H −

X
i

Σi ]−1

(4.5)
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We are interested here in the density matrix for the channel to observe the electron
spin density as a function of position. The Green’s function allows the calculation of
the electron density through:
Gn = GΣin G†

(4.6)

in
in
where Σin = Σin
1 + Σ2 with Σi = Γi fi . Γ represents the energy broadening due to

coupling the channel to the contact, Γi = i[Σi − Σ†i ]. fi is the Fermi function for the
contact describing the occupancy of states, fi = 1/(1 + exp((E − µi )/kT )) where µi
is the electrochemical potential of contact i.
The 2x2 diagonal elements of Gn provide the on-site electron (N) and spin (Sx , Sy , Sz )
densities times 2π at steady-state:


N + Sz

[Gn ]2×2 = 
Sx − iSy

Sx + iSy
N − Sz




(4.7)

Using these expressions, the steady-state spin densities were found for a onedimensional channel assuming perfect half-metallic contacts as shown in Figure 4.3.
Shown in the figure are the spin densities in the channel and the probability of
transmission into and past each contact. At the first Z̄ contact, approximately half
of the electrons are transmitted into the contact and the other half continue down
the channel.
Incident on the X̄ contact are the electrons transmitted past the first contact
which are now in the |0i state. The X contact absorbs half of these electrons while
the other half, now in the X̄ state, continue down the channel.
Subsequently, the electrons are incident upon a Z contact. Using classical thought,
if the electrons were a mixture of |0i and |1i spins, the transmission should be zero
into the Z contact as this component should have been filtered by the first magnetic
contact. Instead, there is an approximately equal current into and past the contact.
The numerical simulation results are in clear agreement with the qualitative description of the SG experiment. In performing the simulation, two items required
some special consideration. First, the width of the contacts must be large enough to
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Fig. 4.3. SG experiment with steady state currents simulated using the
NEGF method for a one-dimensional conductor. The top of the figure
shows the localized spin densities at each lattice site. The bottom of the
figure shows the relative width, spacing, and location of each contact on
the channel.

absorb an electron reliably in order to effectively ”block” the path. Lastly, the coupling strength of the contact must be weak to reduce standing waves from reflections
in the channel.
Clearly demonstrated in the numerical results are the use of spin-polarized contacts to measure, criterion 5, the state of mobile electron spins through collective
repeated experimentation. The use of steady-state current provides this repeated
measurement through the transmission probabilities into the respective contacts.
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Fig. 4.4. On the left side of the figure is the density of states for a halfmetallic contact showing the lack of down spin (red) states near the conduction band edge while the up spin states (blue) have a presence there.
With appropriate control of the contact electrochemical potential, the
electrons fed into the channel can be selected from only the down-spin
pool.

4.1.2

Qubit initialization

Now that a qubit has been defined along with an ability to perform measurements
on the qubit, an initialization method is needed to produce known states as required
by criterion 2. Electrons incident on the channel need to be in a pre-specified state
or else manipulated into a known initial state after being injected. Here the former
case will be evaluated.
In the SG experiment, an unpolarized contact was used to initialize the system
with electrons having an equal probability of being up or down as seen by Eq. (4.1).
Measurement was accomplished using polarized contacts to selectively filter a specific
type of spin from the channel. These polarized contacts can also be used to provide
a source of spin-polarized current.
Consider the use of an ideal half-metallic contact polarized in the direction of
initialization, say Z:|0i. Using such a contact, electrons will be injected into a channel
with a chosen polarization as shown in Figure 4.4. If unperturbed through their
transport, these electrons will remain Z polarized.
The contact self-energy element describing the initialization shown in Fig. 4.4 is
given using Eq. (4.4) and the Pauli-Z matrix σz as:
Σnn =

teika
[I + σz ]
2

(4.8)
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Table 4.1
Shown in the table is a simple method of encoding information using a
qubit. Imagine taking a simple message, in this case Moby Dick’s ”Call
me Ishmael”, and encoding the ASCII numerical representation of each
character in the decimal expansion of the probability amplitude of the
qubit. This could, in an ideal world, be accomplished by performing
unitary manipulations on the qubit to produce the desired state.
|α|2 = 0.

67

97

108

108

Message

C

a

l

l

4.1.3

32

109

101

m

e

32

73

115

104

109

97

101

108

I

s

h

m

a

e

l

On the limits of storing infinite information

Armed with the ability to perform initialization and measurement, it is valuable
to revisit the qubit with a thought question related to its ability to hold information.
A classical bit can be prepared in exactly one of two states. In the context of a qubit,
any point on the bloch sphere is a valid state. Is it then possible to encode infinite
information in the qubit?
Consider a qubit prepared in a state |ψi = α|0i + β|1i encoded with seemingly
infinite information as shown in Table 4.1. This information is unfortunately inaccessible due to two specific limitations. The first is that when measuring the qubit
only a single bit of information can be extracted due to the postulates of quantum
mechanics. This limitation need not be the end of the story as multiple copies of the
qubit could be made.
Unfortunately, the no-cloning theorem states that an unknown quantum state can
not be copied. A straight-forward proof can be demonstrated to validate the theo-
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rem [21]. Consider an assumed unitary operator U capable of copying an unknown
quantum state and the inner product between two composite systems:
U (|ψi ⊗ |xi) → |ψi ⊗ |ψi and U (|φi ⊗ |xi) → |φi ⊗ |φi
 = hψ|φi
(hψ| ⊗ hx|)U † U (|φi ⊗ |xi) = hψ|φi
hx|xi

(hψ| ⊗ hψ|)(|φi ⊗ |φi) = (hψ|φi)2
The only acceptable U is one in which hψ|φi = (hψ|φi)2 implying the states are
orthogonal or equivalent. Thus, a qubit copying circuit is not realizable.
As a result of these limitations, the only way to send information encoded in the
qubit is to provide additional qubits prepared in the same manner. Thankfully this
is a natural benefit of SSQC and its repeated experimentation.
Figure 4.5 depicts a channel containing a qubit prepared in some state |ψi incident
on two contacts of orthogonal polarization. Imagine connected to each contact a
classical counter that records each absorption of an electron by the contact. In theory,
the probability amplitudes of the qubit can be obtained given enough time. The real
power of this approach is that the time over which the amplitudes can be obtained is
very small, e.g. 1 nA of current is ≈ 6 billion electrons per second.
Qubit State

Up Counter

Down Counter

Fig. 4.5. A thought experiment is shown in which a 1D channel containing an unknown qubit in the state |ψi = α|0i + β|1i is incident on two
orthogonally polarized measurement contacts. Connected to each contact
are counters capable of recording the total number of electrons absorbed.
Using these counter, the probability amplitudes, to some degree of precision, of the qubit can be obtained.
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4.1.4

Average vs. time resolved measurement

The focus of the SSQC discussion thus far has been based on the use of average
current measurements under steady-state. These average currents, while useful in
obtaining probability amplitudes, discard correlation information present in a system.
Consider a composite system of two qubits prepared in one of two states:
|ψi =

1

(|00i + |01i + |10i + |11i)

1
|ψi = √ (|00i + |11i)
2
The first state shown is a separable state, |ψi =

(4.9)
(4.10)

√1 (|0i + |1i) ⊗ √1 (|0i + |1i)
2
2

while the

second state is one of the maximally entangled Bell states. Leveraging the thought
experiment of Fig. 4.5 one can quickly deduce that the probability of obtaining a
|0i for a given qubit governed by Eq. (4.9) is eactly 1/2. Unfortunately, the distinct
state of Eq. (4.10) also shares the exact same probabilities.
Without looking at time-correlated measurements in these systems, these two
states are indistinguishable using measurement with average currents.
Average current measurements are not without their use. In contexts in which
correlation effects are not being sought, the average currents provide meaningful measurements for quantum computing as will be demonstrated later in this chapter.

4.2

Single Qubit Operations
As we continue to investigate the DiVincenzo criteria in the context of SSQC,

it is of fundamental importance that universal computation on the initializable and
measurable spin-qubits is possible. Universal computation requires the ability to
perform single qubit unitary transformations.
It was previously established that any single qubit unitary transformation can
treated as a rotation about an axis ~n through an angle θ up to an overall global phase
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i

R(~n, θ) = e−( 2 θ~n·~σ) . One theoretically simple means to accomplish this rotation is
with the use of an external magnetic field:
i

|ψ(t)i = e− h̄ µB B(~n·~σ)t |ψ(0)i

(4.11)

In the context of a steady-state current, the magnetic field necessary to cause the
desired rotation over a fixed distance can be found. The velocity of electrons in the
channel is given by v = (1/h̄)dE/dk = (1/h̄)2t0 sin(ka) with t = d/v where d is the
length of the channel over which the field is present. Using this computed time, a
rotation about an axis ~n through an angle θ is accomplished by applying a magnetic
field in the direction of ~n with magnitude
B=

to θ sin(ka)
µB N a

(4.12)

The inclusion of the magnetic field to the 1D channel Hamiltonian given by Eq.
(4.3) is accomplished by adding the following term to the on-site element:
HB = µb B(~n · ~σ )

(4.13)

Using this mechanism, any single qubit rotation, and thus any single qubit gate,
can be realized. The single qubit operations and their effective rotations for quantum
dots shown in Table 3.1 are also applicable to 1D conductors or any other system.
A numerical simulation demonstrating the effect of a magnetic field on a channel
is shown in Fig. 4.6. In the simulation, a Z-gate is applied to an initial state in the
X-up direction using a static field localized to the first half of the channel. The X
component of the spin density evolves over the first half of the channel as expected.
The use of localized magnetic fields is straightforward conceptually, but involves
a number of practical implementation challenges. Alternative approaches have been
proposed that use localized electric fields to perform spin rotations leveraging spinorbit interactions [28] [29].
The demonstration of single qubit operations using steady-state currents now
provides three of the necessary constituents for quantum computing: initialization,
measurement, and single qubit gates. With the modeling framework now established,
two qubit operations will be investigated.
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Fig. 4.6. Single qubit rotations can be accomplished with an external homogeneous magnetic field incident on the channel. As shown, a magnetic
field in the Z-direction is applied over the first half of a 1D channel to
effect a Z-gate on the incident X-up electrons.

4.3

Two Qubit Operations
In order to satisfy criteria 4, a universal two-qubit gate is needed. The

√
SWAP

gate was identified as a universal gate in the context of coupled quantum dots. Here,
the possibility of realizing the equivalent operation in a steady-state environment is
investigated.
The discussion will begin by looking at describing a composite system using the
NEGF model with a specific focus on a stationary impurity coupled to the channel
through an exchange interaction. Capturing the dynamics of this interaction results
in a framework that naturally extends to interactions between mobile electrons. The
use of the model to describe the implementation of a CNOT gate using steady-state
currents, assuming synchronized timing, will then be described.
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4.3.1

Steady-State dynamics with impurities

The NEGF approach is a one-electron model and as such incorporation of an additional electron trapped in an impurity requires special consideration. Qualitatively,
the system being described is shown in Fig. 4.7. Depicted in the figure is a 1D channel
in close proximity with an impurity confining a trapped electron. The confinement of
the electron to the impurity creates an effective two-level system for the spin-up and
spin-down states of the electron.

Region of Influence

Fig. 4.7. Depicted in the figure is a 1D channel in close proximity with
an impurity confining an electron. Electrons are injected on the left and
read on the right with spin polarized contacts.

The state of the two particle system can be described by a composite wave function
comprising the electron |ψel i and the impurity |ψ⇑ i:
|Ψi = |ψel i ⊗ |ψ⇑ i

(4.14)

As these are spin-1/2 particles, this composite system can be described by the
following basis states:
|Ψuu i = |0el i ⊗ |0⇑ i
|Ψud i = |0el i ⊗ |1⇑ i
|Ψdu i = |1el i ⊗ |0⇑ i
|Ψdd i = |1el i ⊗ |1⇑ i
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corresponding to up-up, up-down, down-up, and down-down states for the electron
and impurity respectively. The model of the system can then be viewed as the injection of one or more of these states via “contacts” to the Hilbert space governed by a
Hamiltonian describing the couplings between these states.
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Fig. 4.8. A 1D channel in proximity with an impurity is modeled using
four effective quantum wires representing each of the four basis states of
the composite system. The interaction of the impurity with the electron
causes a coupling between two of the states in the region in gray.

The incorporation of this perspective into a model is shown in Fig. 4.8. The
exchange interaction between the impurity and the electron occurs in a fixed region
of space. In this region, the state of the composite system is coupled as depicted
in the gray region of the figure. Here only the ud and du states interact due to the
~ · S.
~
nature of the interaction given by J S
Further insight into the model can be found by following an electron initially
injected in the up-state with the impurity in some unknown state. This injection
would involve the top two wires of the system. Assume now that the electron is
subjected to an X-gate to produce a spin-down electron. This would involve a coupling
between the top two wires and the bottom two wires described using the system
Hamiltonian.
With the qualitative picture in mind, the NEGF manipulations necessary can be
more easily understood. Consider the Hamiltonian of the 1D channel described before
in Eq. (4.3). This Hamiltonian is expanded to include the influence of the impurity
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through the tensor product. This expansion prepares the system according to Fig.
4.8.
H = Hel ⊗ I2×2

(4.15)

The influence of the impurity at lattice sites of interests is governed by exchange
interaction of the form
H = J S~el · S~⇑

(4.16)

This term is added to the total Hamiltonian at each diagonal 4 × 4 element which
feels the influence of the impurity. The resulting on-site Hamlitonian elements are
then given by
Hnn = Hnn,el ⊗ Inn,2×2 + Jnn (Sx Sx + Sy Sy + Sz Sz )

(4.17)

Where Sx,y,z are the spin operators 21 σx,y,z .
The contacts for the system comprise the spin-up/down contacts for the electron
and abstract spin-up/down contacts to the impurity. Conceptually, if the Σuu contact
is the source for the system, it is in effect saying that the electron and impurity are
initialized to uu by the contact. As an example, the ud contact would be described
by
ΣL,ud = Σi,el,u ⊗ |1⇑ ih1⇑ |

(4.18)

The total contact non-hermitian quantities are given by ΓL = ΓL,uu + ΓL,ud +
ΓL,du + ΓL,dd with an equivalent expression for ΓR . The total system broadening is
then given Γ = ΓL + ΓR . This provides unimpeded transmission through the channel.
This system will provide steady-state results for the injection of an initial state
on the left and the resulting state of the output electrons and impurity on the right.
In practice, the impurity cannot be initialized as easily as the electron. As a result,
a scattering matrix approach can be used to understand the influence an incident
electron has on an arbitrary state of the impurity.
The Green’s function for the system is given by
G = [EI − H − ΣL − ΣR ]−1

(4.19)
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The scattering matrix can then be found from
S = I − it
Where t =

√

(4.20)

√
ΓG Γ. A simple test that this is valid is to show that S is unitary:

SS † = (I − it)(I + it† )
= I − it − it† + tt†
√
√
√
√
√
√ √
√
= I − i ΓGR Γ + i ΓGR† Γ + ΓGR Γ ΓGR† Γ
√
√ √
√
√
= I − Γi(G − G† ) Γ + ΓG ΓG† Γ
√ √
√ √
= I − ΓA Γ + ΓA Γ = I
With A = i(G − G† ) = GΓG as the spectral function, or effective density of states
times 2π.
The way to interpret the S matrix is best understood by considering the effect
of the matrix on an incident wave function. The columns of the matrix transform
inputs into each lattice site into corresponding outputs at each site.
1

1 4 × 4

S = ... 
 0

n 4×4

···
0
−1
0

n


−

4 × 4

e ⊗ imp



..

.
0 







0
4×4

A given input state |ψin i is transformed by the matrix with outputs at the corresponding sites produced by the scattering matrix.
|ψout i = S|ψini
[n × 1] = [n × 4] ∗ [4 × 1]
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In general the wave function may be in a mixed or entangled state. In this
situation, it is convenient to describe the system with density matrices. where ρ
is given by
ρin =

X
i

ρout = S

S

pi |ψi ihψi | →

X
i

X
i

pi S|ψi ihψi |S †

pi |ψi ihψi |S †

ρout = Sρin S †

(4.21)

ρout represents the result of the composite system after one electron has passed
through the system. The resulting density matrix may represent an entangled system.
Understanding the nature of measurement on each particle is understand using a
reduced density matrix. Consider an entangled composite system:


1/2 0 0 1/2




 0 0 0 0  1
 = (|00i + |11i)
ρ=


 0 0 0 0  2


1/2 0 0 1/2
The reduced density matrix for the impurity would then be given by:






1/2 0
1
0
0
0
= 1
+ 1

ρB = TrA (ρ) = 
2
2
0 1/2
0 0
0 1

(4.22)

(4.23)

Half the time uu would be measured and the other half dd.
Armed with these tools, the states produced from the scattering matrix can be
assessed. The result when performing the scattering operation given by Eq. (4.21)
produces a large matrix of which only an 8x8 portion of ρ is important. Only the top
left and bottom right matrices correspond to outputs from the system. This matrix
consists of two 4 × 4 sub-matrices corresponding to an exit from the system to the
left and right respectively.

LL



RR



(4.24)
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The total probability of having an output on the left or right is one. Therefore adding
the two diagonal 4 × 4 sub-matrices together will yield the composite output density
matrix ρel,imp . Finally, this density matrix can be used to obtain the reduced density
matrix of each individual particle.
ρel,imp


ρe11 (ρimp )
=



ρe22 (ρimp )

(4.25)

The probability of an electron exiting to the left or right is one, ρe11 + ρe22 = 1 and
therefore ρimp is found via a trace.

Swapping states
A swap operation between an electron and impurity can be described by the
following unitary operation:
U (t) = e

−iJt ~
~
Sel ·Simp
h̄

(4.26)

If Jt/h̄ = π, then a SWAP operation occurs. In the steady-state system, this is
equivalent to saying if the magnitude of the interaction between the electron and
impurity is
J=

h̄π
π2t0 sin(ka)
=
t
Na

(4.27)

then a SWAP between the two particles will occur. Numerical simulations were
performed to obtain the scattering matrix and to confirm the expectation:


0.9998
0
0
0




 0
0.0007 − i0.0006 0.9991 + i0.0006
0 


S=

 0
0.9991 + i0.0006 0.0007 − i0.0006
0 


0
0
0
0.9998

(4.28)

The matrix of Eq. (4.28) shows the complex scattering matrix for the system after
removing a common global phase. The lack of unity values is a result of the width of
the region of interaction. If the region of interaction is short the exchange coupling
acts as a scattering barrier to the incident electrons. As the size of the interaction
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Fig. 4.9. Two 1D wires containing synchronized electrons are shown that
when in close proximity exhibit exchange effects.

region is increased, thereby lowering the magnitude of the interaction, the scattering
matrix approaches the exact SWAP result.

4.3.2

CNOT using synchronized electrons

The two qubit SWAP operation using impurities is an interesting result, yet this
does not completely satisfy the objective of using only steady-state spin currents
to perform computation. The proposals of [14] and [16] describe the use of mobile
electrons or ”flying qubits” that are moving synchronously down confining paths.
These qubits can be influenced on an individual level with magnetic fields or other
effects and if brought into close confinement on neighboring wires will experience
interaction.
The use of synchronized electrons provides a clean depiction of how to perform
quantum computing with mobile spinors. Consider the two wires containing synchronized electrons passing through a region of interaction in which they experience an
exchange as shown in Fig. 4.9.
Assuming the electrons are emitted from each source simultaneously, the state
of the system can be described in the same manner as the electron and impurity
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|x1 i
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√
Fig. 4.10. Preparation of the (1/ 2)(|00i + |11i) Bell state.

interaction. This extension follows logically by describing the state of the two particle
system and its associated transitions in an analogous manner to the previous impurity
description. Leveraging this approach, a CNOT gate can be realized based on the
circuit of Fig. 3.3.
Incorporating the necessary one-qubit operations along with the two-qubit operations is accomplished by modifying the on-site Hamiltonian to be of the form:
~ ·S
~ (4.29)
Hnn = Hnn,l ⊗ I2×2 + I2×2 ⊗ µB B1 (n~1 · σ~1 ) + µB B2 (n~2 · σ~2 ) ⊗ I2×2 + Jnn S
These additions were applied to the numerical simulation framework to realize a
CNOT gate.
One application of the CNOT gate is in the construction of maximally entangled
Bell states. If the simulation is indeed producing a CNOT operation, it should be
possible using the circuit of Fig. 4.10 to produce a Bell state.
One might then ask how the Bell state could be identified experimentally. The
answer to this question is quantum state tomography which can be used to measure
the density matrix of a system.
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Quantum state tomography
First consider the simplest case of measuring the density matrix for a single qubit.
Any single qubit density matrix can be written as:
ρ=

1
(Tr(ρ) + Tr(Xρ)X + Tr(Y ρ)Y + Tr(Zρ)Z)
2

(4.30)

This is possible because the Pauli matrices and the identity matrix form a basis for
2×2 complex matrices. Tr(Xρ), Tr(Y ρ), and Tr(Zρ) represent the expectation values
of the measurement results for each operator respectively.
Now imagine a channel with two contacts each polarized in anti-parallel directions for some chosen primary direction. Starting with Z as the primary direction,
the transmission probabilities into the up and down contacts provide a means of computing the expectation value of the measurement, Tup /Ttotal (1) + Tdn /Ttotal (−1). Here
Tup and Tdn are the transmission probabilities and Ttotal is their sum with (1) and (-1)
the possible measurement outcomes. The expectation values arise from these transmission probabilities due to the interpretation of the current flow as many repeated
measurements.
This process provides the coefficient for the Pauli-Z matrix of the expansion. The
remaining coefficients can then be found by using X and then Y direction magnets
to access the expected outcomes for hXi and hY i. With all of the expectation values
computed, the density matrix can be reproduced up to the accuracy of the measurement. This single qubit approach has a natural extension to two qubits.
A two qubit density matrix can be written as a superposition of σi ⊗ σj for i and j
from 0,1,2,3 where σi and σj are the I,X,Y,Z Pauli matrices. The expectation values
are then found using a similar process as in the single qubit case: Tuu /Ttotal (1) +
Ttud /Ttotal (−1) + Tdu /Ttotal (−1) + Ttdd /Ttotal (1). Whereas the single qubit case only
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had 4 total permutations of the magnetic contacts, the two qubit case has a total of
16 required arrangements to reproduce the density matrix:
I ⊗I
I ⊗X
I ⊗Y
I ⊗Z
X ⊗I
X ⊗X
···
Now consider a coupled system capable of producing the Bell state using the CNOT
as described in this section. Leveraging contacts capable of performing the measurements in the various directions, e.g. |uui corresponding to simultaneous detection of
two spin-up electrons in the direction of the contacts, the density matrix for the two
qubits can be re-constructed.
The simulation framework described in this chapter, the circuit of Fig. 4.10, and
the process of quantum state tomography just described were used to reconstruct the
real portion of the Bell state density matrix as shown in Fig. 4.11.

4.4

Grover’s Search Revisited
The framework for modeling SSQC has now been established, albeit from a purely

theoretical perspective. In this framework it has been demonstrated that one of the
primary benefits of the approach is repeated experimentation. The original motivation
for this benefit was the ability to access information encoded within the state of a
single qubit. While this is enticing, more meaningful examples exist.
Grover’s search was presented using quantum dots to implement the algorithm
through the time evolution of stationary qubits. This search required repeated appli√
cation of the Grover iteration O( N ) times.
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Fig. 4.11. Real portion of the density
√ matrix obtained using quantum
state tomography of the prepared (1/ 2)(|00i+|11i) Bell state and NEGF
simulation of coupled quantum wires.

Consider now this same search in the context of SSQC and an initial superposition
state. After one application of a Grover iteration, the system has moved θ radians
closer to the solution. As a result of this rotation, the element identified by the
Grover oracle is now slightly more probable than the rest. Continued application of
the iteration increases the probability of measuring this identified element until it is
√
maximal approximately N iterations later.
In the SSQC case, it is perhaps more convenient to apply a fixed number of Grover
iterations and then to let the system run freely. As the system runs, the “counters”
at the contacts will yield the probability amplitudes for α and β for each qubit. By
collecting enough data, the most probable state can then be determined.
This can be put into perspective by considering a practical example. As Shor’s
factoring algorithm presents a break of cryptography based on discrete logarithms,
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Grover’s search can be viewed as a weakening of any general cryptographic scheme
based on a secret key.
In modern symmetric cryptographic ciphers, a secret key is used to both encrypt
and decrypt messages. In well designed ciphers, having access to both the plaintext
and ciphertext messages does not compromise the secret key. A brute force search to
find a key of n-bits would require 2n guesses in the worst case.
√
Grover’s search can make this search space 2n as follows. Consider a unitary
operator U that performs a symmetric encryption operation on a plaintext input |xi
using a key |ki yielding an output |yi. With fixed ciphertext and plaintext pair |xi
and |yi, consider the use of a superposition state as input for the key. In this case
the unitary operator will apply the encryption operation on the data input for each
of the superposed states of the key. This will produce an output |yi i for each key |ki i.
U (|xi ⊗ |ki) →

X
i

|yi i ⊗ |ki i

(4.31)

Given that the ciphertext being sought after is known, a Grover oracle can be
√
built to select this element from the result. After applying this oracle N times the
key can be found. With a single Grover oracle operation, the resulting state will have
a slightly increased probability of measuring the desired key. Using this state, or one
with a fixed number of iterations, and the repeated experimentation provided with
steady-state spin currents, the most probable state of each qubit can be identified in
a manner similar to the case of information storage on a single qubit.

4.5

Additional Considerations
The discussion of SSQC has focused on a purely theoretical and ideal analysis of

using spin-currents for quantum computing. In reality there are a many additional
considerations that must be accounted for. This section will briefly highlight some of
the most prominent items.
One of the first considerations is the degree of polarization in the contacts. The
results of the NEGF simulation in Figure 4.3 are very sensitive to the polarization of
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the contacts and their associated width. Consider the case where the middle contacts
have polarizations of 0.7. Electrons passing by these contacts will be strongly coupled
to the up-spin states which is desirable for the experiment. Unfortunately the nonideal polarization leads to a coupling, though weak, of the down-spin states in the
contact to the channel which provides a means of escape. As the width of the contacts
is increased the electrons have a greater chance of being absorbed.

(a)

(b)

Fig. 4.12. Shown in (a) is an ideal contact whose occupancy below the
chemical potential is only up states. In reality, such polarization is hard
to find and the picture is closer to that shown in (b) where some non-zero
amount of down states couple to the channel.

These non-idealities must be compensated for in the design of the quantum computer. There are approaches that consider the use of various filtering methods to
purify the incident spin-current such as using Stern-Gerlach splitting to isolate and
remove the undesired spin-component [30] [31].
Without filtering, the initial state for electrons in the channel will be less than
ideal as shown in Fig. 4.12. Consider the density matrix for electrons injected from
a 0.7 Z-up polarized contact:


0.85 0
1

ρ = (I + 0.7σz ) = 
2
0 0.15

(4.32)

Here 85% of the electrons injected will be initialized to the z-up state as desired with
the remaining electrons injected in the undesired z-down state.
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Perfect half-metallic contacts are difficult to realize experimentally. There are a
number of issues that must be overcome from a practical standpoint before a channel
can be initialized from a contact with 100% polarization. The question of how to
cope with this situation must be addressed from a practical standpoint.
Beyond contacts, additional thought must be given to the issue of input electron
synchronization into the channel. One of the means to overcome this issue is with
the use of surface acoustic waves as discussed earlier. It would be advantageous to
overcome this constraint so as to increase the number of experiments that can occur
in time and to minimize the errors associated with faulty timing.
Furthermore, the decoherence of spins as they pass through the channel and interact with the environment must be negligible in proportion to the channel length.
Perhaps the repeated experimentation may serve to make the desired signals rise
above the noise floor associated with such errors.
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5. CONCLUSION
Many proposed physical realizations of quantum computers are based on the use
of qubits in fixed spatial positions that are subject to locally applied gates. Timeevolved computing with spatially dependent objects is somewhat incongruous with
modern microelectronics which are inherently non-equilibrium systems involving the
flow of charge. The use of steady-state spin currents to perform quantum computing
provides a closer parallel to these classical non-equilibrium systems. In this work,
steady-state quantum computing was explored using numerical modeling to obtain
insight into this perspective.
Quantum dot quantum computing using the spin of a single electron was presented with the development of a first-order model describing the dynamics of these
systems. A collection of universal gates was described using time-evolved manipulations culminating in the implementation of the Grover search algorithm. After
obtaining an introductory understanding of time-evolved computing with spatially
dependent qubits, the use of mobile spin qubits was investigated.
Multiple approaches have been proposed to perform computation using these so
called ‘flying qubits’ [14] [16]. A solid-state approach was explored given the vast
industrial foundation upon which to build devices. Using the NEGF formalism to
model the dynamics of single and coupled quantum wires, many properties required
of a quantum computer were demonstrated. The initialization and read-out of qubits
aggregated into spin currents was numerically simulated using the renowned SternGerlach experiment applied to solid-state devices. These measurable spin currents
are in effect the culmination of many repeated experiments. Rapid repeated experimentation is a valuable benefit of a steady-state approach to quantum as it enables
fast attainment of insight into the system state.
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A connection between the time-evolved manipulation of electron spins on quantum
dots to spatially dependent manipulations of spin currents was described to discuss
quantum gates in a steady-state approach. Leveraging locally applied magnetic fields
and coupled quantum wires, single and two-qubit gates were simulated. The simulation of the two-qubit CNOT gate was used to construct a Bell state accessible
with time-correlated current measurements using a collection of spin-polarized contacts. The model developed supporting these operations is extensible and provides
a methodology with which to simulate operation involving simultaneous transport of
mobile electrons on parallel channels.
The modeling based investigation of steady-state quantum computing served to
highlight the theoretical benefits of the approach from a performance perspective.
Beyond fast attainment of density matrices through quantum state tomography, the
repeated experimentation of the approach enables attainment of the selected state of
a Grover search.
Requiring the simultaneous injection of spin-polarized electrons from two contacts
is a theoretical idealism that is difficult to satisfy in practice. It would be of great
benefit if the need of simultaneity could be relaxed while maintaining the benefits of
repeated experimentation in a steady-state approach. Furthermore, the chosen model
used to simulate two-qubit operations is an inherently two-particle framework involving abstract contacts capable of simultaneously injecting and removing electrons from
the two channels. Extending this model to capture the non-exact timing associated
with injections from contacts would help eliminate the dependence on ideal injection
conditions.
Quantum computing is a promising field full of new possibilities for highly efficient
computing. Of the many approaches being pursued to develop a viable computer, the
use of spin currents in solid-state devices holds promise as a candidate.
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